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f�� b�t_c�m8rAt�¡�{|b�f%jµ��hA{sti{ ��Ú`f�bq·Cbqc � l��dl�b�ti{�npb¤l�{|f�{pl�v8l�byt4c�v8fu¡LhAf
l�{pf�{pl�v�l � hAfuf�bmLbdvKc�m8r6t+6rA�erAf6ce{|�+�/� �qce�ib��r:fMt+n|b¡8r6titi{|f��/� rFcici�µrAjzce{|h6f�h6Ù�nsr¤��h6f8jzce{|h6f�byt4c�¡�{pbdf�jdhAf)¢Abd�)b6�6Ú`fK�8f � {pntibmMb�vKc�cih6vKc����¥r:{|c�£Hv�b n|byt+{�ce�d�e��t�tihA{pbdfHc�rFcici{p�i�yt+m8r:��v�f�lkrF�K{pl�v�l	n|hKjdrAn �p�p�
Ó {|fMt_{ � ti{�nsrkm��e{|fMjq{pm8r:npb�£Hv8r:np{|ci�¤�Kb�npr�l��qce��hK�Kb���b���b��+cihAf�byt4c!¡�{|b�f¸jqh6f�f)v�b #¥£Hv8rAf8��bdnpnpb�jqh6fH¢6bd�eAb � bdnpn|b�jdhAf)¢Ab��i6b¢){|cib&% � t_byt®�K�q�¥rAvKcet�n|bTt_h6f6c�rAv8tet_{-�2a!� b�t_c¤�4v8t_cibdl�b�f6c�mMh6v����e�dmLhAf8���ib%�Âjdb�t®6�i{pbq�¥t�£6v8b%�K{�·C�d�ebdfHceb�t�rAl��dnp{|h6�er:ci{phAf8tk�Kbnsr~l��dci��hK�Kb©�KbT��bd�+cehAf h6f6cu�qce�T�K��¢AbdnphAm8mM��b�t #�f�hAcer:l�l�bdfHcun|byt�l��qce��hK�Kb�tu�KbÑ��bd�+cehAf ci�ehAf8£Hv��%bdcunpb�t�l��qce��hK�Kb�t

��b�£Hv8rAti{�wx��b��+cih6f %z� Ó {|6v�{pn|nphAf8t¤n|byt n|byjzcebdv��µt�jdhAv��µr:6bdvK�%¢6bd�µtn|b®np{p¢H�eb®�Kb®�e�q�����ib�f8jqbktiv���jdb�t¤£Hv�byt4ce{|h6f8tk§2¨��v�l�bd�e{pj�r:n
Ý!m�ci{plg{ ��r:ci{phAfkªu�Kb � � Û2���2hAf�f8rAf8t � � � a!���R{|np¡Lbd�ic � a!�8��bdlkr:�e��jµ�Mr:nCbqc!a!�M¶KrA6r6t4ce{ ���:¡8rAn � ����{�ce�¤jµ��b��¤¶)m��e{pf�Ab����

��P
	��� W�X��!]��CW
Ý!v8¢H�ehAfMtZv8f�b m8r:�ebdfHce��o�tib!mLhAv8��lgbdc_ce�ib b�f�r1¢FrAf6c+v�f��e��tiv�n�cµrFc�£Hv�{�f�h6v8t�tibd�µr�vKce{|npb¤��rAf8t�nsrgtiv�{|cib6�

�HÀ)¿u¿®À��
S

++
n

À�2zÌ�É8Ä�¼LÉ)ÅAÀ)½�Ì1Ð ��� bdfMt_b�l�¡�npb
S++

n

�Kb�t�l�r:ci�e{pjdb�t���bq�8f�{pb�t�mMhHt_{|ci{p¢Abyt��Kb cµr:{pn|npb
n
��hA�elgb v8f�hAv�¢6bd�ic

��b n � b�tim8rAjdb �Kb�t+lkrFce�i{sjqbyt�t_¬)l��qce�i{s£Hv�b�t��KÚ�fu�¥r:{|c � mMh6v���v�f�b lkrFce�i{sjqb A ∈ S++

n � h6f�r
∃β > 0, ∀B

m��ehKjµ��b �Kb
A, ∀h ∈ R

n,
t
h B h > β‖h‖2

Ô�½�ÀKÉ)ÅAÀMÐ 3 r:m�mLbdnphAfMt2cihAv�c��/� rA¡Mh6�e�u£Hv�bmMh6v���v�f8bRlkr:ci�e{pjdbti¬)l��qci�e{s£6v8b
S � hAf�rgn � ��£Hv�{p¢Fr:npbdf8jdb

S
���q�8f�{pbmMhHt_{|ci{p¢Ab

⇐⇒ ∃α > 0, α‖x‖2 6 〈x, Sx〉
�

aZbyjq{8t�� hA¡Kce{|b�f6c�b�f�{pf)¢AhK£Hv8r:fHc�n-� �y£6v8{|¢Fr:npbdfMjqb��Kb�t�f�hA�el�b�t bdf��K{pl�bdf8ti{|h6fg�8f�{pb §:v�f�b�lkrFce�i{sjqb�ti¬)lg�dci�e{p£Hv�b��K�d�8f�{pb�mMhHt_{|ci{p¢Ab
{pf8�Kv8{�c�v8f�b f�hA�el�bRtiv��

R
n
hAÙ�cih6vKcibyt�n|byt+f�hA�el�b�t�tihAfHc���£Hv�{p¢Fr:npbdfHcibytd�8Ý!f�mMb�vKc�r:vMtiti{�r1¢Ah6{|�2v�f��i�yt_v8n�cµrFc�m�npv8t�m��e��jd{pt+b�f

v�ci{pn|{stirAfHcR�K{p�ibyjzcebdl�bdfHc!npb¤ce���dh6�io�l�b��Kb¤�e���KvMjzci{phAf¸bdf%¡8r6t_b�hA�ici��h6f�hA�el��dbk§8b�f%��jd�i{p¢Fr:fHc
〈x, Sx〉

bqc!b�f%�K��jdhAl�mLh6ter:fHc
x�8r:f8t�v8f�b¡8rAtibhA�ici��h6f�hA�el��db�Kb ¢Abyjzcib�v��µtZm8�ih6m��ibyt+�Kb

S � h6f�l�hAfHce�ib £Hv�bn|b l�b�{|npn|b�v�� α
mLh6tet_{p¡�npbb�t_c

λmin(S)
�

¦!�dl�h6f6ce�ih6f8t��®m��i�yt_b�fHc�n|b�n|b�l�lgbgbdf�npv�{|w-l���lgb6��¶)hA{pbdfHc
S
v8f�b�lkrFce�i{sjqbg��r:fMt

S++

n

bdc
T
v�f�b�lkrFci�e{sjqb�ti¬)lg�dci�e{p£Hv�b

��b f�hA�el�bR{pfK�����i{pbdv��eb �
α/2

#¥mMh6v���nsr�f8hA�elgb tiv�¡LhA�µ�KhAf�f8�db % 5 r:nphA�µt+¶��RÕ b�t_c�r:v8teti{���r:f8t
S++

n � m�v�{ste£6v�� h6f�mLbdvKc!��jq�e{p�ib
〈x, (S + T)x〉 > α‖x‖2 + 〈x, Tx〉 > ‖x‖2 − ‖x‖‖Tx‖ > α‖x‖2 − ‖T‖‖x‖2 > α/2‖x‖2

b�f�vKci{pn|{ster:fHcRa2r:v8jµ�)¬Hw4¶Kjµ�)�2rA� ��bdc�npr��K�d�8f�{|ci{phAf��Kbnsr�f�hA�el�bRtiv�¡LhA�µ�KhAf�f8�dbA�
.\À)¿�ÊA½xÈCÉ)À�� �ZÅAÀHÇ D�ÊTÇA¼MÄ)Å6À�9HÍ�Ìe»�ÀKÄ�� D�É 2FÐ ��h6v8t!��hAf�f�h6f8tr:v%mMrAtetirAAb¤v�f8b�rAvKci�eb #¥�erAm�{s�Kb %�m��ebdv�¢6b��KvTn|b�lgl�b
m8�i�yjq����bdfHc�vKci{pn|{ster:fHc�n|byt��Kbdv����e��tiv�n�cµrFcµt�t_v�{p¢Fr:fHcet§
�`� rAm�m�np{pj�rFce{|h6f%}A� ��;g�Kbg� �L�����/���dl�hAfHci�eb£6v8bRnsr���hAf8jqci{phAf

A 7→ λmax(A)
£Hv�{ � ��v8f�bl�r:ci�e{pjdbRti¬)l��qci�e{s£6v8b � rAtet_hKjd{|bRtirm8n|v8t+6�erAf8�Kb¢Fr:npbdv���m8�ih6m��ibRb�t_c�v�f�b��h6f8jzce{|h6f�jdhAf)¢Abd�KbA�

��r®�ebdlkr:�µ£Hv�b�}6��� ���Kb����M�8�+��bq�Km�np{s£6v8b�b�fTm8rA�_ce{pjdv�np{|b��R£Hv�� v�f�bg��hAfMjzci{phAfÑjqh6fH¢6bq�Kb�byt4c jqh6fHci{pfHv8bg��n � {pf6ce�d�e{|b�v�� �Kb�t_h6f
��hAlkr:{pf�b �Kb �K�q�Mf�{�ce{|h6f��

Ú`f%rAtet_b�l�¡�nsr:fHc�jqb�t���bdvK�u�i�yt_v�n|cer:cet � hAf�l�hAfHci�ebR�¥rAjq{pnpbdl�bdfHc�£Hv�b n � r:m8m�n|{sjdr:ci{phAf
λmin : A 7−→ λmin(A) = −λmax(−A)

byt4c�v8f�b��hAf8jqci{phAf�jqh6f8jdr1¢6bRjdhAfHci{pf)v�b t_v���n-� b�tim8rAjdb��b�t+lkrFce�i{sjqbyt�t_¬)l��qce�i{s£Hv�b�t��MÝ!f�b�f��K���Kv8{�c��K{p�eb�jzcebdl�bdfHc�£Hv�b
S++

n = λmin
−1(R+∗)

byt4cgv�f~h6v�¢Ab��_c��Kbujqbdc�b�tim8r6jqb � bqcghAfÂhA¡�ci{pbdfHc�b�fÂm��i{pl�b�£Hv�b�jA� byt4cgv�f«jdhAf)¢Abd�)b # jqh6lgl�b®b�f8tibdl�¡8n|bu�Kb®f�{p¢Abyr:v~�/� v�f�b
��h6f8jzce{|h6f�jqhAfMjdr1¢Ab!w`jz� bq�Kb�lgm8n|b�}A� � !k�Kb����M�8��� %z�

Û8bd�el�hAf8t�nsr©m8r:�ebdfHce��o�tib�bdc��qcµr:¡�np{stitihAf8tgnsr©m��ehAm��e{|�dci���Kb%jdhAf)¢Abd�){|ci���Kb
f
t_h6v8t�npb�t��)¬)mMhAci��oyt_byt®�Kv¯ci����hA�eodl�b©}A�

3 r:m�mLbdnphAf8tgcehAvKc®�/� r:¡LhA�µ� #¥¢Ah6{|��nsrTjdhAv��icibu�ib�lkr:�µ£6v8b¸}A�"�#!©�Kb©���M�����
%�£Hv�� v�f�b���hAfMjzci{phAf
f
byt4ck�K{|cib

α
w�jdhAf)¢Abd�)b�mMh6v��

α > 0
ti{/bdnpn|b¤t�� byjq�e{�c�jdhAl�l�bRnsr�t_h6l�lgb

f(x) = g(x) + α ‖x‖2
r1¢Ab�j

g
jdhAf)¢Abd�)b6�

aZbyjq{LmMb�vKc2t�� {|fHcib��im8�i�dcibd�ZjqhAl�l�b�v�f�rF�4hAv�cZ�/� bdf8jdhA�eb�m�npv8t`�KbRjqh6fH¢6bq�K{|ci� #�npb�cebd�el�b
α‖ · ‖2

%`� npr ��hAf8jqci{phAf®jqh6f)¢Abq�Kb
g
§6h6f

h6¡Kci{pbdfHc`�Kh6f8j2v�f�b2��hAfMjzci{phAf
f
¨�ce�ioyt�ªgjqhAf)¢6bq�KbA�1Ú�f�m8rA�_ce{pjdv�n|{pbd� � v�f�b+��h6f8jzce{|h6f α

w�jdhAf)¢Abd�)b2b�t_c�t4ce�i{sjzcebdl�bdfHc`jdhAf)¢Abd�)bH#¥j�r:�
α‖ · ‖2

byt4c�t_ci�e{sjzcib�l�bdfHc�jqhAf)¢6bq�Kb %q� Ö r6titibd�+m8rA�2nsr
α
wxjqh6f)¢Abq�K{|ci�Rb�t_c��/� rA{|npnpbdv��µt+v�f�blkr:f�{pod�eb{|fHce�d�eb�tetirAf6ceb!�Kb¤���dl�hAfHci�ebd�

nsrkt_ci�e{pjqcib jqh6fH¢6bq�K{|ci��/� v8f�b��hAf8jqci{phAf�m�v�{ste£6v8bRn-� hAf��K{st_mLh6tib �Kbnprkj�r:�µrAjzce�d�e{pterFce{|h6f®t_v8{|¢Fr:fHcebA�
�HÀ)¿u¿®À�$

α %
ÇA¼MÄ)Å6À�9HÍ�Ìe»MÐ ¶)hA{|c

f
v�f�b���hAf8jqci{phAf©�Kbdv��%��hA{st�K{�·C�d�ebdfHce{prA¡�n|b�tiv��v�fTh6v�¢Ab��_c jqh6f)¢Abq�Kb

U 5 rAn|h6�et f
byt4c

α
wxjqhAf)¢6bq�KbRtiv��

U
t_{�bqc�tibdv�npbdl�bdfHc�ti{

∀x ∈ U , ∀h ∈ R
n, th Hf(x) h > α‖h‖2

�



Ô�½�ÀKÉ)ÅAÀMÐ 3 r:m8mMb�n|h6f8t+cih6vKc��/� r:¡LhA�µ��nsrkjdrA�er6jzce�d�e{pterFce{|h6f��Kb�t���hAf8jqci{phAf8t�jdhAf)¢Abd�Kb�t2m8r:��npbdv8����b�teti{|b�f��M¶)h6{�c
f : U →R

v�f�b
��h6f8jzce{|h6f��KbdvK����hA{st��K{|·L���ib�f6ce{prA¡�npb � r:nphA�µt2hAf�r

f
jqhAf)¢6bq�KbRtiv��

U ⇐⇒
(

∀x ∈ U , ∀h ∈ R
n,

t
h Hf(x) h > 0

)

aZbdc_ceb m��ih6m��e{|�dci�f�hAvMt+mMb��il�bqc���b¤jqhAl�m�np�qcebd�+npb�t��y£6v8{|¢Fr:npbdfMjqb�t�tiv�{p¢Fr:fHcibyt�t_v��
U

f
byt4c

α
w�jdhAf)¢Abd�)b

⇐⇒ g = f − α‖ · ‖2
b�t_c�jqh6f)¢Abq�Kb

⇐⇒
t
h H g(x) h > 0

mLhAv��+cehAvKc
h ∈ R

n

⇐⇒
t
h

(

Hf(x) − α Id
)

h > 0
mLhAv��+cehAvKc

h ∈ R
n

⇐⇒
t
h Hf(x) h > α ‖h‖2

mMh6v��+cih6vKc
h ∈ R

n

jdb¤£Hv�{��Kh6f�f�bn � ��£Hv�{p¢Fr:npbdf8jdb t_h6v��8r:{|ci��bA�
�HÀ)¿u¿®À�� Ã`¼MÄ)Å6À�9HÍ�Ìe»�Ç:Ê)Ç6º)»6À /CÐ ¶)hA{|c

f
v�f�bR��h6f8jzce{|h6f���bjdnpr6titib

C2
r:vKcehAv����/� v�f�mMh6{|fHc

x?
cibdnpnpb¤£6v8b

Hf(x?)
byt4c

���q�8f�{pb mLh6ti{�ce{|¢6b � r:nphA�µt f
byt4c

α
w�jdhAf)¢Abd�)b��rAf8t+v�f�¢Ah6{pti{|fMr:Ab�Kb �Kb

x?
�

Ô�½�ÀKÉ)ÅAÀMÐ aZh6lgl�b
f
b�t_c

C2 � nsr���hAf8jqci{phAf x 7→ Hf(x)
byt4cRjqhAfHce{|f)v�b6�CÝ!�

Hf(x?) ∈ S++

n � �KhAfMjA���Ajqb¤rAv�n|b�lgl�b � � h6f�dcerA¡�n|{|c�£Hv�b
∃α > 0, ∀x

m��eh)jµ�8b��b
x?, ∀h ∈ R

n, th Hf(x) h > α‖h‖2
�

jdb¤£Hv�{�mLbd�elgbdc��Kb¤jqh6f8jqnpv��ebr1¢6b�j!n|bnpbdl�l�b����
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